In this article we discuss the calculation of single top-quark production in the t-channel at two-loop order in QCD. In particular we present the decomposition of the amplitude according to its spin and colour structure and present complete results for the two-loop amplitudes in terms of master integrals. For the vertex corrections compact analytic expressions are given. The box contributions are implemented in a publicly available C program.
Introduction
In hadronic collisions top quarks are dominantly produced in pairs through the flavour conserving strong interaction. The charged currents of the weak interaction allow to produce topquarks or anti-quarks also singly. Since the threshold for single top-quark production is half that of top-quark pair production, the weak coupling is partially compensated by phase space effects, and the larger parton fluxes such, that for LHC operating at 13 TeV the cross section for single top-quark production is roughly one third of the top-quark pair cross section. Despite these significant event rates, single top-quark production is experimentally challenging due to the complicated experimental signature and the sizeable backgrounds. To cope with these difficulties sophisticated experimental techniques like for example the matrix element method and methods making use of neural networks have been developed at the Tevatron and at the LHC [1] [2] [3] [4] . Using these techniques, very precise measurements will be possible at the LHC running at 13 TeV. Physics wise single top-quark production is highly interesting since it allows a precise test of the top-quark weak couplings. In particular, single top-quark production offers a unique source of highly polarized top quarks. Furthermore the Cabibbo-KobayashiMaskawa (CKM) matrix element V tb is directly accessible without further assumptions. In addition, single top-quark production can be used to constrain the bottom quark distribution inside the proton.
Depending on the momentum of the W boson involved in the charged current interaction, three different contributions to single top-quark production can be distinguished: the t-channel contribution for space-like momentum, the s-channel contribution for time-like momentum and the tW channel for on-shell production of a W boson in association with the top quark. At both colliders, Tevatron and LHC, the t-channel gives the largest contribution to the cross section. The second important channel at the LHC is tW production. This contribution is suppressed at the Tevatron due to the limited energy of the collider. The s-channel contributes about 30-40% to the cross section at the Tevatron while it is small at the LHC. The situation LHC Table 1 : Cross sections for single top-quark production in pb, for m t = 173.3 GeV, µ R = µ f = m t and the MSTW2008lo/nlo PDF set, obtained using the Hathor program [5] .
The sub-and superscripts denote the uncertainty due to scale variation and PDF uncertainties.
is summarized in Tab. 1 where also predictions at next-to-leading order (NLO) accuracy are given. The NLO corrections have been calculated for the different channels in Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] . The corrections to the t-channel are very small. However, the small size of the corrections is due to a significant cancellation between individual contributions. Furthermore, only the vertex corrections contribute to the cross section. The box-type corrections to the amplitude vanish when interfered with the Born amplitude. In particular, no colour exchange between the two incoming quark lines is possible in the t-channel. As a consequence it is conceivable that the small size of the NLO corrections is accidental and significant contributions at NNLO could appear when colour exchange between the two quark lines becomes possible. In particular, differential distributions which are crucial to test the V − A structure of the weak interaction and the polarization of the top-quark imprinted by the production mechanism, may be affected significantly once the NNLO QCD corrections are taken into account. Very recently partial results for single top-quark production at NNLO accuracy have been presented for the t-channel in Ref. [15] . The analysis is restricted to the vertex corrections and the related real corrections. The corrections to the inclusive cross sections are at the level of one per cent and thus small from a phenomenological point of view. However, compared to the NLO corrections, they amount to about 50% and are thus much larger than one would naively expect -indicating that the full NNLO corrections may indeed give important corrections. The full NNLO corrections require the evaluation of a variety of different contributions: twoloop amplitudes interfered with the Born amplitude, corrections due to one-loop amplitudes squared, one-loop corrections to the real emission processes, and finally double real emission processes. For most of the contributions established methods for their evaluation exist. In some cases even public tools are available to perform the required calculations. As far as the two-loop amplitudes are concerned the situation is more involved. In principle, techniques exist for the reduction of two-loop tensor integrals to a small set of master integrals. However, in practice this reduction and the evaluation of the master integrals is highly non-trivial and has been solved in the past only on a case by case basis. Depending on the number of invariants and masses the complexity of the reduction increases. In this article we present the complete reduction of the two-loop amplitudes for the t-channel. Results for the s-channel can be obtained through crossing or by adapting the reduction presented here. In section 2 we discuss the decomposition of the two-loop amplitudes according to the spin and colour structure. We also comment on our treatment of γ 5 in d space-time dimensions. In section 3 we present some details about the integral reduction. In section 4 we present the complete 2-loop amplitude in terms of master integrals further decomposed according to colour and spin structure. For the vertex corrections compact analytic results are given. As far as the double box contributions are concerned we briefly discuss their numerical evaluation using an implementation in C which can be obtained on demand. Due to their length it is not useful to present analytic expressions here. We close with a short conclusion in section 5. In this section we briefly describe the theoretical setup used to organise the calculation of the two-loop amplitudes for single top-quark production in the t-channel. To fix our conventions, we consider the partonic process
Theoretical setup
treating all quarks -with the exception of the top quark -as massless. We define two Mandelstam variables bŷ
At leading order in the electroweak coupling g W , the amplitude for this process is expanded in the strong coupling constant α s = g 2 s 4π :
The Born contribution is given by
with
The electroweak coupling can be expressed in terms of the electric charge e of a positron and the sine of the Weinberg mixing angle ϑ W through
Working in leading order in the electroweak coupling, the renormalization scheme of the electroweak parameters is not fixed. For phenomenological applications one may use the on-shell scheme in which the weak mixing angle can be calculated from the mass of the Z-boson (m Z ) and the mass of the W -boson (m W ) using:
The matrix elements of the Cabibbo-Kobayashi-Maskawa matrix, which expresses the eigenstates of the weak interaction in terms of the mass eigenstates, are denoted by V i j . Since the Born amplitude is a purely electroweak process, no colour exchange between the two quark lines is possible. This is reflected in the colour structure δ tb δ du where t, b, . . . describe the colour indices of the respective quarks and δ denotes the Kronecker delta. However, when higher order QCD corrections are included, colour exchange between the two quark lines does become possible. In two-loop approximation about 70 Feynman diagrams contribute to the transition matrix element -not counting self-energy corrections and counter term diagrams. Sample diagrams are shown in Fig. 2 . As we shall see in the following, many diagrams do not contribute to the cross section at NNLO accuracy. The colour decomposition of the two-loop amplitude reads:
where N denotes the number of colours. We work with the general SU(N) gauge group, to make the colour structure more explicit. The QCD case is obtained by setting N = 3. Using the Fierz identity
where T a (a = 1 . . . , it follows that all Feynman diagrams where only one gluon is exchanged between the two quark lines contribute only to A (2) 2 . Owing to the simple colour structure of the Born amplitude, the contribution A pentagon sub-loop (for an example see the last row in Fig. 2 
1 .
Making the N dependence of A
1 explicit it is possible to decompose A
1 further into leadingand sub-leading colour contributions:
The contributions B h , B l are due to self-energy insertions in the one-loop topologies. B l is due to massless quarks (n l counts the number of massless quark flavours), while B h is due to a top-quark loop in the gluon propagator. Interfering the full two-loop amplitude with the Born amplitude we thus obtain
The surviving diagrams can be classified into the following different groups:
1. Gluonic self-energy corrections due to closed quark loops inserted into one-loop topologies, contributing to B h and B l , 2. A single diagram, consisting of two one-loop vertex corrections to the two weak vertices (first diagram in Fig. 3 ), contributing to A 
1,LC .
In Fig. 3 
1,SC . Let us now discuss the spin structure of the amplitude, which we compute in Feynman gauge, using dimensional regularization to regularize ultraviolet and infrared divergences. A typical term in the calculation consists of spinors and gamma matrices, contracted with tensor integrals of the form
with scalar propagator denominators D i which are functions of the loop momenta ℓ 1 , ℓ 2 and of the external momenta k j . The propagators appear with powers ν i which may be different from one. The tensor integrals in eq. (13) can be reduced to a basis of tensors constructed from metric tensors and the external momenta k j
with scalar coefficients C i . Next, the basic tensors T
are contracted with the spinors and gamma matrices, and the resulting expressions are simplified by applying rules of the Dirac algebra.
At this point we need to specify how γ 5 is treated in d-dimensional space-time. It is well known that γ 5 is an intrinsically four-dimensional object and cannot be generalized in a smooth way to d dimensions. Different prescriptions to deal with γ 5 can be found in the literature (see for example Refs. [16] [17] [18] [19] [20] [21] ). In the 't Hooft-Veltman scheme or variants thereof an explicit definition of γ 5 in d dimensions is given. For example in the 't Hooft-Veltman scheme one uses
In d dimensions we now have
and
In general, the naive application of such a scheme violates Ward identities involving the axialvector current, since the derivation of the same typically relies on formal manipulations using an anti-commuting γ 5 . These Ward identities have to be restored using additional counter terms (see for example Ref. [22] ) unless they correspond to observable effects related to axialvector current anomalies. In contrast, a prescription which ensures {γ 5 , γ µ } = 0, guarantees that axial-vector Ward identities are reproduced. However, using anti-commutativity together with the cyclicity of the trace operation it is trivial to show that
for d = 4. A way out is to choose the scheme as proposed in Refs. [20, 21] where the cyclicity of the trace is given up. In fact as pointed out in Ref. [23] the method proposed in Ref. [18] can also be understood as a modification of the trace operation. An anti-commuting γ 5 obviously fails to reproduce the Adler-Bell-Jackiw anomaly. Since in the present calculation no anomalous contribution arises we use {γ 5 , γ µ } = 0.
Using an anti-commuting γ 5 in d dimensions, and taking into account that only terms with an odd number of Dirac matrices along the massless quark line connecting the external d and u quarks can appear, we find that the spinor structures in any of the two-loop diagrams can be reduced to a linear combination of the following 11 basic structures:
where γ 6 = 1 + γ 5 and γ 7 = 1 − γ 5 . Here, we have not applied any four-dimensional Fierz identities, which could be used to simplify the structures further in four dimensions. We conclude that each of the colour-stripped amplitudes B h , B l , A
1,LC and A
1,SC has a decomposition in spinor structures of the form
Note that the general form of this decomposition does not depend on the actual values of the scalar coefficients C i in Eq. (14).
We have used two different methods to calculate the scalar coefficients. The first method, developed by Tarasov [24, 25] , relates these coefficients to scalar integrals with increased powers of the propagators ν i and in higher space-time dimensions. Our implementation of this method closely follows the approach of Ref. [26] , where all formulae required for twoloop applications can be found. Here, we limit ourselves to a very brief summary. Introducing a Schwinger parameter x i for each of the propagators D i , the denominator of Eq. (13) is written as 1
where
In terms of the loop momenta, the exponent has the form
with coefficients a, b, c, d µ , e µ , f that are linear in the Schwinger parameters. The loop momentum integrations are now Gaussian and can be performed straightforwardly. In the case of a scalar integral, one finds that
where P and Q are polynomials in the Schwinger parameters, defined by
For tensor integrals, similar expressions are obtained, with additional polynomials in the Schwinger parameters, divided by powers of P , multiplying the integrand in Eq. (24) . From the form of Eq. (22), one sees that any additional factor of x i in the numerator of Eq. (24) can be interpreted as a shift ν i → ν i + 1 in the power of the corresponding propagator. Similarly, any additional factor of 1/P is equivalent to a shift of the space-
The final result is that each scalar coefficient C i in Eq. (14) is expressed as a sum of scalar
In the second method of determining the scalar coefficients, both sides of Eq. (14) are contracted with tensors T i . In this way, a system of linear equations is obtained relating the C i to integrals with numerators containing scalar polynomials in the loop momenta. The number of independent coefficients to be determined can be reduced by exploiting the symmetry properties of the tensor integrals in Eq. (13) with respect to permutations of the Lorentz indices [27] . Both methods lead to identical results in the end, once all scalar integrals involved have been expressed in terms of a set of independent master integrals. However, the scalar integrals appearing in the intermediate steps of the two methods are different.
In addition to these two methods, we have also used a third approach, where we do not use the scalar coefficients C i explicitly, but, instead, directly project out the functions f i in the spinor decomposition of Eq. (20) . This turns out to be the most efficient method, especially for the most complicated diagrams, which are the double boxes. The projection works by contracting the amplitude with the conjugate spinor structure S * j and taking the trace of the two spinor chains:
We define a matrix of contractions
whose entries are polynomials in d,ŝ,t, and m t . The functions f i are now obtained from the inverse matrix:
Having proven the general decomposition shown in Eq. (20) with the spinor structures shown in Eq. (19) we can simplify the calculation of the f i by setting γ 5 to zero. Evidently this has to be done in the evaluation of M and in the evaluation of Tr[S * j A (2) ]. This is possible because in a theory with purely vector couplings we would get precisely the same spinor structures as given in Eq. (20) but with γ 5 set to zero everywhere. In other words the scalar functions f i multiplying the 11 spinor structures do not care whether we have purely vector coupling or (V − A) coupling as long as we use an anti-commuting γ 5 . Note that this does not mean that both theories give the same results for the two-loop amplitude interfered with the Born amplitude. When we calculate the interference term we need to keep the γ 5 in the spin-structures. A similar method has been used recently in Ref. [15] where it has been argued that γ 5 can be always anti-commuted to the bracketing spinors where one can absorb γ 5 into the spinor for a specific helicity. (In principle one could also keep γ 5 in the aforementioned steps using a concrete prescription to evaluate the trace, i.e. the method from Ref. [21] .) The trace operation in Tr[S * j S i ] allows to get rid of all spinor structures and to express the results in terms of two-loop integrals, where the loop momenta appear only in scalar products with external momenta or again loop momenta. It is thus possible to cancel some of them with corresponding factors in the denominator. To proceed, we need to express these integrals in terms of master integrals. This reduction will be discussed in the next section.
Reduction to master integrals
Depending on how the two-loop amplitude is projected onto the eleven spin structures, the starting point for the reduction of the tensor integrals to a small set of scalar master integrals is different. Using the dimension-shifting method, one ends up with scalar integrals with raised powers of the propagators and in higher space-time dimensions. Inspecting Fig. 2 and Fig. 3 , we observe that the most complicated tensor integrals have rank 4, leading to scalar integrals in d + 8 dimensions with the powers of the propagators increased in total by eight units. On the other hand, using the projection method of Eq. (29) to determine the scalar functions f i multiplying the different spinor structures, we obtain scalar integrals with irreducible scalar products in the numerator. In this case, the most complicated integrals are double-box integrals with 4 irreducible scalar products in the numerator. Employing integration-by-parts (IBP) identities [28, 29] , relations between different integrals can be established. These relations can then be used to reduce the appearing integrals to the master integrals. An algorithmic solution of the reduction procedure has been given with the Laporta algorithm [30] , in which an overconstrained system of equations is set up, which is then used to express all integrals in terms of a few integrals. Different implementations of the Laporta algorithm are publicly available as computer code [31] [32] [33] [34] [35] [36] . As the main working horse for the reduction described in this article, we used the program Reduze 2 [35] written in C++. In addition, we used a private version of the program Crusher made available to us by P. Marquard [37] .
Reduction of vertex diagrams
For the reduction of the vertex diagrams we used both methods to reduce the amplitude to the spinor structures. The highest tensor integrals are of rank four. As mentioned before, using the dimension-shifting method leads thus to scalar integrals with the powers of the propagators raised by up to 8 units. In addition, the dimension of the space-time is shifted to d + 8. Reducing these integrals using the IBP equations requires two steps. In the first step, integrals with raised powers of the propagators defined for arbitrary but fixed space-time dimension are reduced to master integrals. In a second step, the master integrals in d + 2m dimensions (m = 1, . . . , 4) are transformed back to master integrals in d dimensions, using the dimension shift operator P (see Eq. (24)) and the reduction table derived in the first step. Using instead Eq. (29) to reduce the amplitude to the spin structures S i , we apply the Laporta algorithm to integrals involving irreducible scalar products. Since all the integrals stay in d dimensions a dimension shift is not required. For the vertex corrections, we have applied both methods and found complete agreement between them.
As a further check on our programs, we have recalculated the two-loop QCD corrections to the heavy quark vector and axial vector form factors, applying both the dimension-shifting method and the projection method. After substituting ε-expansions for the master integrals from Ref. [38] , we found complete agreement with the results available in the literature [39, 40] .
Reduction of the double-box diagrams
The reduction of the double-box diagrams involves 9 different topologies, three planar ones and six non-planar topologies. For each topology two different diagrams exist. Since the two diagrams belonging to the same topology are connected, it is sufficient to determine the reduction tables only once for each of the nine topologies.
The reduction of the double-box topologies is significantly more complicated than the vertex corrections. The increased complexity is due to the larger number of propagators and to the simple fact that the double-box diagrams involve more scales. In the double-box topologies the W -boson mass appears in the two-loop integrals. In addition, the double-box topologies involveŝ andt while the two-loop form factors depend only ont. Applying the dimensionshifting method, we were not able to generate all the required reduction tables, using the aforementioned programs. On the other hand, for the simpler double-box topologies, we were able to reduce also the highest tensor ranks appearing in the calculation when applying the projectors of Eq. (29) . However, even in this case, we were not able to fully reduce the most complicated double-box topologies. As mentioned before, the increased complexity of the double-box topologies as compared to the vertex corrections, is a direct consequence of the large number of independent variables. In the reduction rational functions in the five variableŝ s,t, m t , m W and d are generated. The manipulation of these rational functions, in combination with the related increase of expression size, leads to much longer run time and also increased memory consumption. Having said this, the direction to simplify the reduction is obvious: One needs to reduce the number of independent variables. Using one variable out ofŝ,t, m t , m W to define the mass scale will reduce the number of independent variables by one. Expressing in addition the top-quark mass in terms of the W -boson mass (or vice versa), will further reduce the number of independent variables by one. In Ref. 
Using in addition the world average for m W as produced by the particle data group [42] m W = 80.385 ± 0.015 GeV/c 2 ,
we can set to very good approximation
which is equivalent to m t ≈ 173.65 GeV/c 2 .
(33) This value for the top-quark mass is compatible with the aforementioned world average and deviates less than 2 per mille from the central value quoted in Eq. (30) . Since single topquark production depends very weakly on the top-quark mass around the nominal value, the uncertainty introduced by the aforementioned approximation is completely negligible. (Using this approximation in leading order would lead to effects at the per mille level. For more details we refer to Ref. [5] where the mass dependence of single top-quark production has been studied in detail.) Choosing Eq. (32) to reduce the number of independent variables, leads indeed to an enormous simplification of the reduction procedure. In addition, we also fine tuned, for the most complicated topologies, the seed generation in the Laporta algorithm. Using these two techniques, we were able to reduce all the double-box integrals to master integrals. In cases where the reduction was feasible for arbitrary values of m W and m t , the two approaches agreed, after specializing the general results to the specific case m 2 t = 
Results
In this section, we present analytic results for A [43] [44] [45] [46] [47] [48] [49] . For master integrals entering the corrections to the light quark vertex, see also Ref. [50] . In the results shown below, the master integrals are kept as symbols, and also the full d dependence is kept. In choosing the basis for the master integrals, we follow Refs. [43] [44] [45] . The definitions of the master integrals are given in appendix B. For the presentation of the results, it is convenient to introduce rescaled invariants
Note, that the vertex corrections only depend on the W -boson mass through the W -boson propagator. All vertex contributions thus have a universal factor
Furthermore, the form factors only depend ont. The entireŝ dependence is thus hidden in the spinor structures S 1 and S 3 . For the contribution of the light quark loops we obtain:
The contribution due to closed top-quark loops reads: 
The leading colour contribution is given by: 
The sub-leading colour contribution of the vertex corrections to A (2) 1,SC is given in appendix A. We have also obtained analytic expressions for the double-box diagrams. However, the expressions of several megabytes are too long to be presented here. Since in the end, the main interest is in the numerical evaluation of the corrections and not so much in the analytic structure, we have generated computer code written in C to evaluate the contributions from double-box topologies. In the functions f i appearing in the decomposition of the amplitude according to its spin structure as shown in Eq. (20), we have expanded the coefficient of each master integral in ε = (4 − d)/2:
The index r labels the master integrals MI. While some of them are known in the literature, the most complicated double-box integrals are not yet known and need to be calculated in the future. Assuming that only 1 ε 4 poles occur in the master integrals MI r , it is sufficient to keep terms up to fourth order in ε in the coefficients of the master integrals. Note that the reduction procedure itself can lead to spurious poles in ε. These poles require to calculate also positive powers in ε for the master integrals. Alternatively, one may consider to change the basis of master integrals, to avoid the spurious poles to some extent. As mentioned in the previous section, we have calculated the double-box contribution for a fixed ratio m 2 W /m 2 t . Using again the rescaled invariants s and t the coefficients are rational functions in s and t only. As proof of concept we have calculated all coefficients f i,r,s introduced above. They are encoded in the aforementioned C library. We have checked that the numerical results obtained using the C library agree with the original mathematica code used to produce the expressions. In this comparison it turns out to be crucial to use extended (quadruple) floating point precision. We trace this back to the observation, that integer constants occurring in the numerical evaluation vary over many orders of magnitude. We note that it is straightforward to change the integral basis used in the numerical evaluation. This can be done by rerunning the code generation. The code for the coefficients as introduced in Eq. (38) can be obtained on demand. Using extended floating point precision in the evaluation of the coefficients f i,r,s leads to an increased runtime. We do not consider this as a major problem: First of all, for the integration of the virtual corrections, typically a small number of phase space points is usually sufficient. In the practical application, one may calculate the two-loop contribution as a twodimensional grid in s and t, which is interpolated during the calculation. The calculation of the grid can be parallelized. Furthermore, most likely the computational effort of the complete NNLO calculation will be dominated by the evaluation of the real corrections, in particular the double unresolved contributions.
Conclusion
In this article we consider two-loop QCD corrections for single top-quark production in the t-channel. We have decomposed the two-loop amplitude according to its colour and spin structure. Using an anti-commuting γ 5 , eleven different spin structures occur in the most complicated contributions. To reduce the two-loop tensor integrals to master integrals, we used the publicly available program Reduze [34, 35] . Cross checks were obtained using a private version of the program Crusher made available to us by Peter Marquard. For the vertex corrections, analytic results are presented valid in arbitrary space-time dimensions and for arbitrary masses. Since for the vertex corrections all master integrals are known, the leading-colour contribution to the two-loop amplitude can be calculated numerically, using the results presented in this article. For the double-box contributions, we considered a fixed ratio m 2 W /m 2 t = 3/14, to reduce the complexity of the calculation. Even for this special case where the number of independent variables is reduced, the results are too long to be presented in analytic form. To illustrate the feasibility of the calculation -once all the master integrals are known -we have created a C library, allowing the calculation of the double-box diagrams. This library is generated automatically from the analytic results and can be obtained on demand.
A. Vertex contribution to
The sub-leading colour contribution of the vertex diagrams is given by: 
B. Definition of the master integrals
The two-loop master integrals are defined as
where the propagators are given by 
with external momenta such that p 1 + p 2 = q 1 + q 2 , p 2 1 = p 2 2 = q 2 2 = 0, (p 1 − q 2 ) 2 = t and q 2 1 = m 2 t = 1. The powers of the propagators are shown for each master integral in Tab. 2. In addition, the following one-loop master integrals appear:
. 
